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Smooth Convex Optimization

* Minimize f over R":
— f admits a minimizer x* (Vf(x*) = 0)
— f is continuously differentiable and convex on R":

vx,y € R™ f(x) = f(¥) 2 (x —»)VE(y)
— f is smooth (Vf is f-Lipschitz)

vx,y € R™: ||[Vf(x) — VF(WI| < Bllx — Il
* Example:

—f =%xTAx — blx

—Vf=Ax —b=>x*=A4"1b



Gradient Descent Method

* Gradient descent method:
— Start with an arbitrary x4
—lterate x¢, 1 = x, — 1 - Vf(xs)

* Thm.Ifn = 1/p then:

2
2

2B (|x; — x*|
o) - Fay <2 —

* “Linear convergence”, can be improved to
qguadratic using Nesterov’s accelerated descent




Gradient Descent: Analysis

 Lemma 1: If f is B-smooth then Vx, y: € R":
FG) < FO) +PFONT G =) + 5 lx = I

c f()—f(y) - Vf(yT)T(x —y) =
[ Vf(y +tlc =) (x = y)dt —VFO)T(x — y)

1 2 f 2
Sf Bt|lx —y|| dt =§\|x—yl\
0

* Convex and f-smooth is equivalent to:

fO)+VFO"(x—y) < f(x)
<fM+VfM'(x—y) +§Hx —yl\2



Gradient Descent: Analysis

* Lemma 2: If f convex and f-smooth then Vx, y: € R™:
1
fO) 2 f@) + VRO =) + 55|77 () - O

 Cor: (Vf(x) - Vf(») (x—y) = % I7f () = vFI|

* PO =fO) -V )y
* Vo*(») =V (y) = Vf(x)
* ¢*isconvex, f-smooth and minimized at x:
¢*(x) — () = f(x) =V () 'x —f) +Vf(x)"y
> (x —y)Vo*(y)
Vo™ () = Vo Wl = [I7f (1) = VF ()| < Bllys — 2l



Gradient Descent: Analysis

* Lemma 2: If f convex and f-smooth then Vx,y: € R":

2

f) = fG) + Vi) (v — x) +—|I\7f(x) - VI,

c W) =f)-Vf)y
« Vo*(y) =Vfly) —Vf(x)

* )= f) = V) (v —x) = ¢*(x) — ¢*(¥)

1
< ¢” (y ay qux(y)) —¢*(y)

(by Lemma 1)

5700 +5 5
WP = —==|I7 i
—ﬁll o* ()| ——ﬁll fx) =V

2
1 1
<V (' (-- \7¢x(Y)> +5 1% VW(Y)‘



Gradient Descent: Analysis

« Gradient descent: x¢,; = x; — 1/0 - Vf(x)

* Thm: f(x,) — f(x7) <

21217,

t+3

Ftens) = Fe) < VFGe)T (hara —26) + o |lxera — 2|

2
1 2
= =55 I7FGl
+ et & = f(xs) = f*. Then 8y < 85 — 22|17/ (x|,
¢ 8y S V() (s —x°) < |l — x*1||I7F ()|

* Lem: ||x; — x*|| is decreasing with s.

* 0541 S 05—

52
28| |2, —x*||°




Gradient Descent: Analysis

5oy <68 6% =1
s+1 — Ys 2 ) — 2
2,8||x1—x*|| 2,3||9C1—9C*||
wo 1 1

Os+1  Os  Ost1

1 1 1 1
>w>—>=>w(t—1)4
0s+1  Os ¢ ( ) fx)—f(x*)

flx) —f(x™) <
() er — ) + 5 [l — 2

(< —
w(t+3)

> 1

4w




Gradient Descent: Analysis

* Lem: ||x; — x™|| is decreasing with s.

+ (VECO = 7F ) (x =) = £[I7f () = 7O
1
S VF( —x9) == 17|

o |lxger — 27| =

Xs _lvf(xs) _x*‘

2
—“XS—X || _Evf(xs)’r(xs_x)‘l' “Vf(xs)”
S||XS_X*H __“Vf(xs)”

“XS—X ”



Nesterov’s Accelerated Gradient
Descent

1+\/1+4A§_1 12,
2 Vs = As+1
Accelerated Gradient Descent (x; = y4):

Params: 45 = 0,4, =

1
— Vs+1 — Xs — Evf(xs)

— Xs41 = (1- VS)YS+1 t VsVs
Optimal convergence rate 0(1/t?%)

Thm. If f is convex and [f-smooth then:

2,3“351 — x*|
t2

2

f) —fx") <



Accelerated Gradient Descent: Analysis

. f (x —gi<><>) ~f) <

1
<f <x 3 Vf(x)) —f) + V) (x —y)

2

+
2

<Vflo)! (x —%Vf(x) — x) +§ ‘x —%Vf(x) — x‘
Vf(x)'(x—y)  (byLemma1)

1 2 T
=—ﬁ\|\7f(x)|| + Vf(x)" (x —y)




Accelerated Gradient Descent: Analysis

. f(x —%Vf(X)> fy) < ——IIVf(x)II +Vfx) ' (x —y)
* Applytox =x5,y = ys:

1
fs+) = fs) = f (xs - EVf(Xs)> — f(¥s)

1 2
_ﬁ ||Vf(xs)|| + Vf(xs)(xs _ ys)
= _§||YS+1 _xs||2 — B(Ys41 _xs)T(xs_ys) (1)
 Applytox =x,,y =x":
FOsr1) = £ < =Elyser —x6l|” =L Ger — 2T — 1)

(2)



Accelerated Gradient Descent: Analysis

* (DxAs— 1)+ (2),fords = f(ys) — f(x7):
/1555+1 _ (/15 _1)55 <

b 2 \
_E/ls||y$+1 _ xs|| _ .B(:VS+1 _ xs)T(/lsxS _ (/15 _ 1)3’5 —X )

e (x)A;anduse A%_; = 12 — A:
/135S+1 o /15_155

< —g(llls(ysﬂ — xs)ll2 + 245 Vs41 — %) (Asxs — (As — Dys — x7))
* It holds that:
126 Gsi1 = x| + 245 (s41 — 2T (Agxts — (s — Dys — x)) =
> lagxs — @y — Dys —x°l|

||/15y$+1 — (As — Dys — x*|



Accelerated Gradient Descent: Analysis

* By definition of AGD:

Xs+1 = Vs41 T Vs (Vs — Vs41) ©
Adsi1Xs41 = Asp1Ys+1 T (1 —A) (Vs — Ys41) ©
/15+1xs+1 R (As+1 o 1)3’s+1 — ASyS+1 R (/15 R 1)ys
* Putting last three facts together for u, = A x, —
(A, — 1y, — x* we have:

226,01~ 2216, < 5 (Ilugl|” = [useal )

* Addingupovers =1tos =1t — 1:

%“uﬂ‘z
t—1

Q.E.D.

5, <

 Byinduction A;_; = %



Constrained Convex Optimization

* Non-convex optimization is NP-hard:

me —x)? =0 o Vi: x; € {0,1)
i
* Knapsack:
— Minimize );; ¢;x;
— Subject to: Y, wix; < W
* Convex optimization can often be solved by
ellipsoid algorithm in poly(n) time, but too slow



Convex multivariate functions

Convexity:

vx,y € R": f(x) = f(y) + (x —y)VI(y)
Vx,y ER", 0<A<1:

fAx+ (A =Dy) =Af () + (A =-Df )
If higher derivatives exist:
f)=f@+VfQy) (x—y)
+ =)'V —y) +
62

Vof(x)ij = axiaij
f is convex iff it’s Hessian is positive semidefinite,
yIV2fy > 0 forall y.

is the Hessian matrix



Examples of convex functions

{-norm is convex for 1 < p < oo:
12 + (1 = Dyl ) < [1axl| | +[I@ = Dyl|

= Il + (1 - Dl

f(x) =log(e*r + e*2 4 .- 1)
max(xq, ..., x,) < f(x) < max(xq, ..., x,) +logn
f(x) = xTAx where A is a p.s.d. matrix, V4 f = A
Examples of constrained convex optimization:
— (Linear equations with p.s.d. constraints):

minimize: %xTAx — bTx (solution satisfies Ax = b)
— (Least squares regression):

L 2 TAT T T
Minimize: ||Ax — b||2 =xA'Ax —2(Ax)'b+b'b



Constrained Convex Optimization

* General formulation for convex f and a convex set K:
minimize: f(x) subjectto: x € K
* Example (SVMs):

— Data: X4, ..., Xy € R™labeled by y;, ..., yy € {—1,1} (spam /
non-spam)

— Find a linear model:
W-X; =21= X;isspam
W-X;, <—1= X;isnon-spam
Vi:1 — inXi < 0
 More robust version:

minimize: z Loss(1—W(y; X)) + AHWHZ
i

— E.g. hinge loss Loss(0,t)=max(0,t)
— Another regularizer: /1| [W | |1 (favors sparse solutions)



Gradient Descent for Constrained

Convex Optimization

(Projection): x € K >y €K
y = argminzeKHZ — X |

2 2
Easy to compute for ||-|‘2: y = x/||x| ,
Let ||Vf(x)||2 < G, max, ek (Hx —y ‘2) < D.

D2G?2
LetT=4 >
€

Gradient descent (gradient + projection oracles):
— Letn = D/GNT
— Repeatfori =0,...,T:

« x+D = projection of y(*1) on K

— Output z = %Zix(i)




Gradient Descent for Constrained
Convex Optimization

. “x(i+1) _ XHZ < “y(i+1) _ x”z
2 2

= |]x® - x* - an(x“’)”j

= |]x® - x*l\j +1° \IVf(x“))l\j = 2nVf(x®) - (x© - x7)
e Using definition of G:

. . 1 .
VF(x®) - (x® —x*) < Z—(HX(‘) —x* “x(”l) 2) + Z G2
)= o) = 5 ([l - o 1)+
. Sum overi =1,..,T:
. 2 2 Tn
(D) — * _ 0) — x|l — ||x(T) — 5% 2
;f(x ) f(x)szn(“x x|, “x X 2) > —G




Gradient Descent for Constrained
Convex Optimization

* B f(x) - f(x7) <
1 2
el

y f(%zix(i)) = %Zif(x(i)):
2

1 ; ) D n
f(fix())‘ﬂ“%ﬂ i

l

*2)+T—"G2
2 2

’SEtT]_T_ﬁRHS TG



Online Gradient Descent

Gradient descent works in a more general
case:

f — sequence of convex functions f1, f5 ..., fT

At step i need to output x(V € K
Let x* be the minimizer of };; f; (w)
Minimize regret:

> Fi(x®) = fi(x)

Same analysis as before works in online case.



Stochastic Gradient Descent

(Expe_cted gradient oracle): returns g such that
Eqylgl = Vf(x).

Example: for SVM pick randomly one term
from the loss function.

Let g; be the gradient returned at step i

Let f; = g;x be the function used in the i-th
step of OGD

Let z = %Zix(i) and x™ be the minimizer of f.



Stochastic Gradient Descent

e Thm.E[f(2)] < f(x") + % where G is an upper bound of any

gradient output by oracle.

* f(2)—f(x7) < %Zi(f(x(i)) — f(x™)) (convexity)
1 . .
<30, VOO - x)
= 121‘ E [gi(x(i) — x™)] (grad. oracle)

T
1 .
=7 E E[f;i(x®) — fi(x™)]

1 l .
= 7B GO ~ /i)

* [E[] =regret of OGD, always < €



