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Today

* Dimensionality reduction

— AMS as dimensionality reduction
— Johnson-Lindenstrauss transform



Lp-norm Estimation

» Stream: m updates (x;,A;) € [n] X R that define
vector f where f; = Y, _; A;.

 Example: Forn =4

((1,3),(3,0.5),(1,2), (2,=2),(2,1), (1, —=1), (4,1))
f=(4-1,05,1)

* L,-norm: ||f||p = (Zi|f|p)%



Lp-norm Estimation

Ly-norm: |I£1], = (SilfIP)»

Two lectures ago:

7],
711

= Fy-moment

= F,-moment (via AMS sketching)

Space: O (lognlog )

Technique: linear sketches

f1
f1

ot Zies fi forrandomsets S

2

! Y.; 0if; for random signs o;



AMS as dimensionality reduction

e Maintain a ”Iinear sketch” vector
= (Z1,...,Zx) = Rf
Z; = Z]E 103jfj, where o;; €g {—1,1}

. EstimatoronerH :

kz |l fl\

* “Dimensionality reductlon : X = Rx, “heavy” tail

N[ =

2 1
Pr \Y—Ilflli\zc(a 17117 < =

C2




Normal Distribution

* Normal distribution N(0,1)
— Range: (—o0, +0)

x2

1
— Density: u(x) = (2m) ze 2
— Mean =0, Variance =1
e Basic facts:

— If X and Y are independent r.v. with normal
distribution then X 4+ Y has normal distribution

—Var[cX] = c*Var[X]

—If X,Y are independent, then Var[X + Y] =
Var|X] + Var[Y]



Johnson-Lindenstrauss Transform

Instead of +1 let g; be i.i.d. random variables from normal

distribution N(0,1)
/ = z O-ifi
i

We still have E[Z4] = Zifiz = ||f||2 because:
— E[g;]E|g;| = 0; E|of| = “variance of g; “ = 1
Define Z = (Z4, ..., Z}) and define:

1z]|: ZZZ E[|1ZI[;] = klIf1;)

JL Lemma: There eX|sts C > 0 s.t. for small enough € > 0:
Pr||[1zI]] — k [IFI[] > ek|IfI]]| < exp(—Ce?k)



o J
Pr

Proof of JL Lemma

_Lemma: 3C > 0 s.t. for small enough € > O:

(112 =k [112] > ek|1£1]2] < exp(~ce2k)

e Assume Hfl‘j = 1.

e We have Zi — Z]O-l]fl and Z = (Zl, ...,Zk)

E|[1zI[,] = k[If1], = &

e Alternative form of JL Lemma:

Pr

:||Z|‘§ > k(1 + 6)2] < exp(—€?k + 0(k €))



Proof of JL Lemma

e Alternative form of JL Lemma:
Pr[ |Z| z > k(1 + 6)2] < exp(—€?k + 0(k €®))

¢ LetY = |Z|§anda=k(1+e)2
* Foreverys > 0 we have:

Pr[Y > a] = Pr[e®Y > e5%]
By Markov and independence of Z;s:

k
sY sa I [eSY] —sa sy Z? —sa sZ?
Prle’t > e%] < =e IE[e ll]ze [E[e l]
i=1

eSC(
* WehaveZ; € N(0,1), hence:

2 _1 OO 2 _ﬁ 1
E [eszi] = (2m) "2 est"e 2dt =




Proof of JL Lemma

 Alternative form of JL Lemma:
Pr “IZIE > k(1 + 6)2] < exp(—€?k + 0(k €))

* Foreverys > 0 we have

k
Pr[Y > « —Saﬂml 7| = eme(1 —25)72

o Lets = 5(1 — E) and recall that « = k(1 + €)?

a
* A calculation finishes the proof:
Pr(Y > a] < exp(—€?k + 0(k €3))



Johnson-Lindenstrauss Transform

log—
e Single vector: k = 0( )

€2

— Tight: k = Q( )[Woodruff’lO]

logn log%)

* n vectors simultaneously: k = 0( =

_ lognlog% _
— Tight: k = Q = [Molinaro, Woodruff, Y. ’13]

» Distances between 1 vectors = O(n?) vectors:

1
lognlogg
k = 0( > )
€




Random Variables and Norms

* Forarandom variable Xandp = 1 let:
||X||p — E[xp]l/z?

Facts:
* Forany c: “CX”p — C“X”p

* || - |l is a norm (Minkowski’s inequality)
* |I-Ilp, =l |lg for p < q (Monotonicity of norms)

* Jensen’s inequality (used a lot for F = |x|P):
If F is convex then F(E[X]) < E[F(X)]



Khintchine Inequality

[Khintchine]Forp = 1,x € R" and g; i.i.d.
Rademachers:
12 0| < v |Ix,
For r; (either o; or g; ~ N(0,1)) expand
E[(X; ix)P ]
All odd powers of r; are zero
All even moments for g; are 1, and for g; are > 1

‘ ZiUixi”p < “Zigixi”p

% gixi ~ N (0,[Ix1[;) = |12 gixil] ) < v«




Symmetrization
* [Symmetrization]: If Zy, ..., Z,, are independent and g; are
i.i.d. Rademachers:
ZZL—IEZZL SZ ZO'iZi
i i i
14 p

* LetY; ...Y,, beindependent with the same distribution as

Z;
° “Zizi — IEZl-ZiI\p — “Zizi — ]EYZiYi”p

< |12z - Y| Qensen)
1Xi0:(Z; — Yi)”p (Z; — Y; are independent and

symmetric)
<2 ‘IZiUiZin(triangle inequality)



Decoupling

* Let xq,...x, beindependent with mean 0 and xg, ... x;,
identically distributed as x; and independent of them. For
any a;; and p = 1:

/
z a,;jxl-xj < 4 2 al-jxl-xj

[#] L,J
p p
* Letnq,...,n, bei.i.d. Bernoullis (0/1 w.p. 1/2):

|Zi¢j aijxixj“p =4 “IEU Zi;tj aijxixjni(l — n])“p

< 4 “Ziij a;jxixjn;(1 —nj)Hp(Jensen)

* There exists n’ € {0,1}" such that:

“Ziij a;jx;xin; (1 — ﬂj)“p < “ZiESZjes'aijxixij
where S ={i : n' = 1}.



Decoupling (continued)

Let x5 be an S-dimensional vector of x; fori € S.

| Zies Xjes aixix;| ‘p B ‘ Zies Zjes ayjxix'j| ‘p

BB B ayes || (EDx] = E[x'] = 0)

< |2 aij x; x; ||, (Jensen)

/
2 aijxl-xj < 4 z al-jxixj

L#] L,J

e Qverall:




Hanson-Wright Inequality

* For oy, ..., 0, independent Rademachers and
A € R™™" real and symmetric for all p > 1:

“O'TAO' — IE[O'TAO']”p < \/ﬁHAHF + p ||A]|

e Recall:

- [1Al| . = \/Zu af; = /Tr(ATA)

||Av||2

—[1A]| = sup o



Hanson-Wright Inequality

* For gy, ..., 0, independent Rademachers and A € R™"
real and symmetric for all p = 1:

|67 Ao — E[GTAJ]HP <P |lAll . +p 4]
loTAc — IE[GTAJ]Hp < HJTAG’Hp (decoupling)

<P |||A0|‘2‘ (Khintchine)
p
1
= VB ||l1401[}]|
%
<.P HHAJHZ 2 (monotonicity of norms)




Hanson-Wright (continued)

1
2
p

5 [l

< <5 |l1aell]
p

1

s\/ﬁ@ l1401[;] + [[l14011; ~ E[1asi ]
1

ol ellaetC]] )

1
2

2
> (triangle ineq.)
p

~ VBl +]

< vp|lAll, + B ||||141]; - E[|l4cl]; ||

p
1
< VP|lAll, + \/ﬂlJTATAG’IE? (decoupling)

3
< \/5||A||F + pa ||||ATAO'||2||;/2 (Khintchine)

3 1 1
< vo|lAll, +p2|lAl[2 [I[lAx]], |

2
p




Hanson-Wright (continued)

1
2
|140l|, I

<vp|lAll, +p4HAI\2

N HI

LetE=‘|||Ax||2||2 thenEZ—CpZ||A||5E —C||A||FSO
14

 E < larger root of the quadratic equation above

+ E2<p |lAll, +p 14l

* (Hanson-Wright) For oy, ..., 0, independent
Rademachers and 4 € ]R"x” real and symmetric for all
p=1

loT Ao — IE[UTAJ]HP <P [IAl] . +p 14l



Recap

For a random variable X and p = 1 let:
“X”p = E[XP]1/P

[Khintchine]For p = 1,x € R" and o; i.i.d. Rademachers:

“ZiUiXi”p <P |lxl],

[Symmetrization]: If Z4, ..., Z,, are independent and g; are
i.i.d. Rademachers:

ZZi—IEZZi <2 ZO'iZi
L

i i
p p
[Hanson-Wright]For oy, ..., 0,, independent Rademachers

and A € R™™™ real and symmetric for all p > 1:
loT Ao — IE[JTAJ]Hp <P |IAll. +pl4]]




Bernstein Inequality

¢ LetXy,.. be indep. r.v’s such that |X;| < K almost surely
and IE 2 X11| < 0% Forallp > 1:

zxi —E[X]|| <oyp+Kp
[

p
||Z,;Xl- — IE[Xi]||p < 2||Zl- O'iXi||p (symmetrization)

1

< /Pl X X?)? |, (Khintchine)
1

=D 1 Z: X7 13

2

< o\yp+D || XF — IE[XL-Z]”:/Z (triangle inequality)




Bernstein Inequality (cont.)

1Z:%: —EX | < o < yBHE XD I
1

2

< oyp ++P le? — E[Xx7]

p
< o\p++p ‘Zi ain-z‘ 2 (symmetrization)
p
1
\ 1
< 0P + p* Zi(Xf)l/Z‘ * (Khintchine)

p

N[ =

3
< op +pK Z(Xiz)l/z
i




Bernstein Inequality (cont.)

1
Let E = ||(Z; X7)? ||, then for some C > 0:

1
E? — CpAKE — Co < 0
E = larger root of this quadratic equation

E<op+Kp

[Bernstein] Let X4, ..., X,, be indep. r.v’s such that
|Xi| < K almost surely and IE[Zi Xlz] < o2 For

allp = 1:

ZXi — E[X;]

< op +Kp



Sparse Johnson-Lindenstrauss
Transform

* Let I1 € R™ " be a JL-matrix where
1 1 . - _
Iln =0 (E—Zlogg) which satisfies for ||x| ‘2 =

pr|linxl], -1 = ¢| <6

* Takes O (m| x| ‘o) time to compute JL

 Would be O (S‘ | x| ‘0) time I1 only had s non-
zero entries per column



Basic Sparse JL Transform

* Pick 2-wise indep. hash function h : [n] - |m]
* Pick 4-wise indep. hash function o : [n] - {—1,1}
* Foreachi € [n]letIly; = 0(i), therestare0

* [Thorup, Zhang’12]: ThisisJLif m = _

7 €25
e Best possible sinces =1

* Analysis: standard expectation/variance using
bounded independence + Chebyshev

 To improve m let’s use Hanson-Wright (higher
moment than Chebyshev’s second)




Sparse JL Transform: Construction

[1.; = ny:i0r:/+/S, wheren; are Bernoullis and g;
are Rademachers
S

Forallr,i: IE[n,,,l-] = —

m
For all i: ).; - ; = s (s non-zeros per column)

Ny ; are negatively correlated:

E 1_[ Mri| = 1_[ E[n,i| = (%)M

(1,0)ES ] (r,i)€eS
Each column chosen uniformly from
Binom(m, s) columns of weight s works here




Sparse JL Transform: Analysis

Thm [KN'14]: If m = O (6—1210g%) and s = em:
Vx: ||x||2 =1, I;[r”||l'[x||z — 1‘ > e] <6

c Z=|IMxl]} - 1=

m
1
S i r,jOr,iOr jXiXj = XM

r=11i#j
. Axn is a bIock -diagonal matrix with m blocks where r-th block is

Zx™ (x(r)) but with zeros on the diagonal

(r) _
. x(’") is a vector with entries x;" 7 = 1, ;x;

* By Hanson-Wright: ||Z||p <

x,n”F Tp “AJCU”
p
< VB I [axal| 1o+ 11 {1axq]] 11y



Sparse JL Transform: Analysis

* (Operator norm) Since Ay ,, is block-diagonal
[|Axn || is the largest norm of any block

* Eigenvaluesin the r-th block are at most

Emax(“x(’”)| Z,Hx(’")| 2 ) <?
S 2 00 S

A

< Z
S



Sparse JL Transform: Analysis

 Define Q;; = X¥t1 My, Ny, SO that:

2
— 2.2
“Ax,nl F — 1/522xi Xj Qi,j

1#]

. Lemma:lfpzsz/mthen‘v’i,j“Qi,j” SDp
p

2] 1
< W Axal] 1o = 1]l4ual] |1,
1
1 2
2.2
< |2 2,44
i#]j
p
) S 1/2
S;(Ziijxlx] “Qi,j” ) (triangle ineq.)
p
<1/ym



Sparse JL Transform: Analysis

2

* By Markov (m = 0O (E—lzlog 1/6), S~ eEm,p
Pr:MIHx E — 1‘ > €| =

Pr_|aTAx,,70‘p > Ep] <

e_p[E[‘aTAx,ndp] (Markov)

p
< e PCP (\/%+§) =€ PCP(e+e)P <$§



Sparse JL Transform: Analysis

Lemma: If p = s%/m then Vi, j “Qi,j” <P
p

Suppose g, i) --»Na,,i are all 1 where a; < -+ < aj.
Note that Q;; = X{=, ¥; where t is an indicator r.v. for the
eventn, ; = 1.

Y;’s are not indep. but negatively correlated = p-th
moment at most p-th moments of i.i.d. Bernoullis with

expectation E (expand (2;; Y;)P and compare term by
term)
By Bernstein inequality:

Q|| =12 Y2l < f@"‘l?zp
logl] -



FFT-based Fast JL-Transform

Ailon, Chazelle’09] Running time O(nlogn)

- mxn _ 1
Define Il € R asH—mSHD

S = m X n sampling matrix (with replacement)

H = unnormalized bounded orthonormal system,
i.e. He R™ HTH = I;max [H; ;| < 1
L,J

D =diag(a) for (a4, ..., a;) i.i.d. Rademachers

If H = Hadamard matrix = O(nlogn) time to
compute IIx



FFT-based Fast JL-Transform

Change S to §;, = diag(n, ..., Nn) Where n; are
Bernoullis with expectation E[n;] = m/n

’ 1 — 1 1
[CNW15] If TT = == 5, HD, m 3 € log 3 log =

Vx: ||x||2 =1, %r”“l'[x”i — 1‘ > E] <0
Let z = HDx so ||1'[x|‘2 = lziniziz

is small
p

Will show that

‘ l 1771 1‘



FFT-based Fast JL-Transform

2
= |z oiNiZ;

i

2
m

p
(Z,;mzf)l/zu (Khintchine)
p

(rr:ax nilzi|) (Z 77iZi2>

1
2

| =

2

p

2
i

|maxniz
l

(2]

‘ 1
m

p

i

N

VP
m

‘max n,z¢
l

n 2
i=1 NiZ; —

(symmetrization)

1/2

p
1

1”5+1

) (triangle inequality)
p



FFT-based Fast JL-Transform

N[

1
2

‘m.ax UiZiz
l

<

‘m_ax n;z-|| for g = max(p,logm)
l

q

N[k S

2

1/q 1
_ 2q 2q1q _—
‘miaxnizi = Eq [ml_axnizi ] < Egqn [Zinizi ]" =

q 1 1
201 2 pe
Zi Ea,n [77iZ,; q]q = (Tl ml.aX IEOl,n [nizi q])q
1 1

= (n max E, [1;]Eq[2;7])7 = (m max Eq[z;"])7

1
< 2 max “le (ma < 2 by choice of q)
l

q
2
= 2 maxl-|lzi 2 < q (Khintchine)




FFT-based Fast JL-Transform

1
2

—C /ﬂE—C /mso
m m
E?2 < max| 22X
— m’m

Markov: Pr ”HHxHZ — 1‘ > e] <ePEP<§

p

p = logl/(?andmf log log5



