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Today 

• Dimensionality reduction 

– AMS as dimensionality reduction 

– Johnson-Lindenstrauss transform 

 



𝐿𝑝-norm Estimation 

• Stream: 𝒎 updates 𝑥𝑖 , Δ𝑖 ∈ 𝑛 × ℝ that define 
vector 𝑓 where 𝑓𝑗 =  Δ𝑖𝑖:𝑥𝑖=𝑗

.  

• Example: For 𝑛 = 4 

 
〈 1,3 , 3, 0.5 , 1,2 , 2, −2 , 2,1 , 1, −1 , (4,1)〉 

𝑓 = (4,−1, 0.5, 1) 

• 𝐿𝑝-norm: 𝑓
𝑝
=  𝑓 𝑝𝑖

1

𝑝  



𝐿𝑝-norm Estimation 

• 𝐿𝑝-norm: 𝑓
𝑝
=  𝑓 𝑝𝑖

1

𝑝  

• Two lectures ago: 

– 𝑓
0
= 𝐹0-moment  

– 𝑓
2

2
= 𝐹2-moment (via AMS sketching) 

• Space: O
log 𝑛

𝜖2
log
1

𝛿
 

• Technique: linear sketches 

– 𝑓
0
:   𝑓𝑖𝑖∈𝑆   for random sets 𝑆 

– 𝑓
2

2
:   𝜎𝑖𝑓𝑖𝑖   for random signs 𝜎𝑖 



AMS as dimensionality reduction 

• Maintain a “linear sketch” vector 
𝒁 = 𝑍1, … , 𝑍𝑘 = 𝑅𝑓 

𝑍𝑖 =  𝜎𝑖𝑗𝑓𝑗𝑗∈,𝑛- ,   where 𝜎𝑖𝑗 ∈𝑅 *−1,1+       

• Estimator 𝒀 for 𝑓
2

2
: 

1

𝑘
 𝑍𝑖
2

𝑘

𝑖=1

=
𝑅𝑓
2

2

𝑘
 

• “Dimensionality reduction”: 𝑥 → 𝑅𝑥, “heavy” tail 

Pr 𝒀 − 𝑓
2

2
≥ 𝑐 
2

𝑘

1
2

𝑓
2

2
≤
1

𝑐2
 

 



Normal Distribution 

• Normal distribution 𝑁(0,1) 
– Range: (−∞,+∞) 

– Density: 𝜇 𝑥 = 2𝜋 −
1

2 𝑒−
𝑥2

2  

– Mean = 0, Variance = 1 

• Basic facts: 
– If 𝑋 and 𝑌 are independent r.v. with normal 

distribution then 𝑋 + 𝑌 has normal distribution 

– 𝑉𝑎𝑟 𝑐𝑋 = 𝑐2𝑉𝑎𝑟,𝑋- 

– If 𝑋, 𝑌 are independent, then 𝑉𝑎𝑟 𝑋 + 𝑌 =
𝑉𝑎𝑟 𝑋 + 𝑉𝑎𝑟,𝑌- 



Johnson-Lindenstrauss Transform 

• Instead of ±1 let 𝜎𝑖 be i.i.d. random variables from normal 
distribution 𝑁(0,1) 

𝑍 = 𝜎𝑖𝑓𝑖
𝑖

 

• We still have 𝔼 𝑍2 =  𝑓𝑖
2
𝑖 = 𝑓 2

2
 because: 

– 𝔼 𝜎𝑖 𝔼 𝜎𝑗 = 0;   𝔼 𝜎𝑖
2 = “variance of 𝜎𝑖  “ =  1 

• Define 𝒁 = (𝑍1, … , 𝑍𝑘) and define: 

𝒁
2

2
= 𝑍𝑗

2

𝑗

    𝔼 𝒁
2

2
= 𝑘 𝑓

2

2
 

• JL Lemma: There exists 𝐶 > 0 s.t. for small enough 𝜖 > 0: 

Pr 𝒁
2

2
− 𝑘 𝑓

2

2
> 𝜖𝑘 𝑓

2

2
  ≤ exp −𝐶𝜖2𝑘  

 



Proof of JL Lemma 

• JL Lemma: ∃𝐶 > 0 s.t. for small enough 𝜖 > 0: 

Pr 𝒁
2

2
− 𝑘 𝑓

2

2
> 𝜖𝑘 𝑓

2

2
  ≤ exp −𝐶𝜖2𝑘  

• Assume 𝑓
2

2
= 1.  

• We have 𝒁𝑖 =  𝜎𝑖𝑗𝑓𝑖𝑗  and 𝒁 = (𝒁𝟏, … , 𝒁𝒌) 

𝔼 𝒁
2

2
= 𝑘 𝑓

2

2
= 𝑘 

• Alternative form of JL Lemma: 

Pr 𝒁
2

2
> 𝑘 1 + 𝜖 2   ≤ exp −𝜖2𝑘 + 𝑂(𝑘 𝜖3)  

 

 



Proof of JL Lemma 

• Alternative form of JL Lemma: 

Pr 𝒁
2

2
> 𝑘 1 + 𝜖 2   ≤ exp −𝜖2𝑘 + 𝑂(𝑘 𝜖3)  

• Let 𝒀 = 𝒁
2

2
 and 𝛼 = 𝑘 1 + 𝜖 2  

• For every 𝒔 > 0 we have: 
Pr 𝒀 > 𝛼 = Pr ,𝑒𝒔𝒀 > 𝑒𝒔𝛼- 

• By Markov and independence of 𝒁𝑖
′𝑠: 

Pr 𝑒𝒔𝒀 > 𝑒𝒔𝛼 ≤
𝔼 𝑒𝒔𝒀

𝑒𝒔𝛼
= 𝑒−𝒔𝛼𝔼 𝑒𝒔  𝒁𝑖

2
𝑖 = 𝑒−𝒔𝛼 𝔼 𝑒𝒔𝒁𝑖

2

𝑘

𝑖=1

 

• We have 𝑍𝑖 ∈ 𝑁(0,1), hence: 

𝔼 𝑒𝒔𝒁𝑖
2
= 2𝜋 −

1
2 𝑒𝒔𝑡

2
𝑒−
𝑡2

2 𝑑𝑡
∞

−∞

=
1

1 − 2𝒔
 



Proof of JL Lemma 

• Alternative form of JL Lemma: 

Pr 𝒁
2

2
> 𝑘 1 + 𝜖 2   ≤ exp −𝜖2𝑘 + 𝑂(𝑘 𝜖3)  

• For every 𝒔 > 0 we have: 

Pr 𝒀 > 𝛼 ≤ 𝑒−𝒔𝛼 𝔼 𝑒𝒔𝒁𝑖
2

𝑘

𝑖=1

= 𝑒−𝒔𝛼 1 − 2𝒔 −
𝑘
2 

• Let 𝒔 =
1

2
1 −
𝑘

𝛼
 and recall that 𝛼 = 𝑘 1 + 𝜖 2 

• A calculation finishes the proof: 
Pr 𝒀 > 𝛼 ≤ exp −𝜖2𝑘 + 𝑂(𝑘 𝜖3)  

 



Johnson-Lindenstrauss Transform 

• Single vector: 𝑘 = 𝑂
log
1

𝛿

𝜖2
 

– Tight: 𝑘 = Ω
log
1

𝛿

𝜖2
 [Woodruff’10] 

• 𝒏 vectors simultaneously: 𝑘 = 𝑂
log 𝒏 log

1

𝛿

𝜖2
 

– Tight: 𝑘 = Ω
log 𝒏 log

1

𝛿

𝜖2
 [Molinaro, Woodruff, Y. ’13] 

• Distances between 𝒏 vectors = O(𝒏𝟐) vectors: 

𝑘 = 𝑂
log𝒏 log

1
𝛿

𝜖2
 



Random Variables and Norms 

• For a random variable 𝑿 and p ≥  1 let: 

𝑿
𝑝
= 𝔼 𝑋𝑝 1/𝑝 

Facts: 

• For any c: 𝑐𝑿
𝑝
= 𝑐 𝑿

𝑝
 

• || ⋅ ||𝑝 is a norm (Minkowski’s inequality) 

• || ⋅ ||𝑝 ≤ || ⋅ ||𝑞 for 𝑝 ≤ 𝑞 (Monotonicity of norms)  

• Jensen’s inequality (used a lot for 𝐹 = 𝑥 𝑝): 

If 𝐹 is convex then 𝐹 𝔼 𝑿 ≤ 𝔼[𝐹(𝑿)] 

 



Khintchine Inequality 

• [Khintchine]For 𝑝 ≥ 1, 𝑥 ∈  ℝ𝑛 and 𝜎𝑖 i.i.d. 
Rademachers: 

 𝜎𝑖𝑥𝑖𝑖 𝑝
≼ 𝑝 𝑥

2
   

• For 𝑟𝑖 (either 𝜎𝑖 or 𝑔𝑖 ∼ 𝑁 0,1 ) expand 
𝔼  𝑟𝑖𝑥𝑖𝑖

𝑝  

• All odd powers of 𝑟𝑖 are zero 

• All even moments for 𝜎𝑖 are 1, and for 𝑔𝑖 are ≥ 1 

•   𝜎𝑖𝑥𝑖𝑖 𝑝
≤  𝑔𝑖𝑥𝑖𝑖 𝑝

 

•  𝑔𝑖𝑥𝑖𝑖 ∼ 𝑁 0, 𝑥
2

2
⇒  𝑔𝑖𝑥𝑖𝑖 𝑝

≼ 𝑝 𝑥
2

 

 



Symmetrization 
• [Symmetrization]: If 𝑍1, … , 𝑍𝑛 are independent and 𝜎𝑖 are 

i.i.d. Rademachers:  

 𝑍𝑖
𝑖

− 𝔼 𝑍𝑖
𝑖

𝑝

≤ 2  𝜎𝑖𝑍𝑖
𝑖

𝑝

 

• Let 𝑌1…𝑌𝑛 be independent with the same distribution as 
𝑍𝑖  

•   𝑍𝑖𝑖 − 𝔼 𝑍𝑖𝑖 𝑝
=  𝑍𝑖𝑖 − 𝔼𝑌  𝑌𝑖𝑖 𝑝

 

≤  𝑍𝑖 − 𝑌𝑖𝑖 𝑝
 (Jensen) 

=  𝜎𝑖 𝑍𝑖 − 𝑌𝑖𝑖 𝑝
 (Zi − Yi are independent and 

symmetric) 

≤ 2  𝜎𝑖𝑍𝑖𝑖 𝑝
(triangle inequality) 

 



Decoupling 
• Let 𝑥1, … 𝑥𝑛 be independent with mean 0 and 𝑥1

′ , … 𝑥𝑛
′  

identically distributed as 𝑥𝑖 and independent of them. For 
any 𝑎𝑖𝑗  and 𝑝 ≥ 1: 

 𝑎𝑖𝑗𝑥𝑖𝑥𝑗
𝑖≠𝑗

𝑝

≤ 4  𝑎𝑖𝑗𝑥𝑖𝑥𝑗
′

𝑖,𝑗
𝑝

 

• Let 𝜂1, … , 𝜂𝑛 be i.i.d. Bernoullis (0/1 w.p. 1/2): 

 𝑎𝑖𝑗𝑥𝑖𝑥𝑗𝑖≠𝑗
𝑝
= 4 𝔼𝜂  𝑎𝑖𝑗𝑥𝑖𝑥𝑗𝜂𝑖(1 − 𝜂𝑗)𝑖≠𝑗

𝑝
 

≤ 4  𝑎𝑖𝑗𝑥𝑖𝑥𝑗𝜂𝑖(1 − 𝜂𝑗)𝑖≠𝑗
𝑝

(Jensen) 

• There exists 𝜂′ ∈ 0,1 𝑛 such that: 

  𝑎𝑖𝑗𝑥𝑖𝑥𝑗𝜂𝑖(1 − 𝜂𝑗)𝑖≠𝑗
𝑝
≤   𝑎𝑖𝑗𝑥𝑖𝑥𝑗𝑗∈𝑆 𝑖∈𝑆

𝑝
 

where 𝑆 = 𝑖 ∶ 𝜂′ = 1 . 



Decoupling (continued) 

Let 𝑥𝑆 be an 𝑆-dimensional vector of 𝑥𝑖 for 𝑖 ∈ 𝑆. 

•   𝑎𝑖𝑗𝑥𝑖𝑥𝑗𝑗∈𝑆 𝑖∈𝑆
𝑝
=   𝑎𝑖𝑗𝑥𝑖𝑥′𝑗𝑗∈𝑆 𝑖∈𝑆

𝑝
 

= 𝔼𝑥𝑆 𝔼𝑥′𝑆  𝑎𝑖𝑗𝑥𝑖𝑥𝑗
′

𝑖,𝑗
𝑝

  (𝔼 xi = 𝔼 x′i = 0) 

≤ || 𝑎𝑖𝑗𝑖,𝑗 𝑥𝑖 𝑥𝑗
′ ||𝑝 (Jensen) 

• Overall: 

 𝑎𝑖𝑗𝑥𝑖𝑥𝑗
𝑖≠𝑗

𝑝

≤ 4  𝑎𝑖𝑗𝑥𝑖𝑥𝑗
′

𝑖,𝑗
𝑝

 



Hanson-Wright Inequality 

• For 𝜎1, … , 𝜎𝑛 independent Rademachers and 
𝐴 ∈  ℝ𝑛×𝑛 real and symmetric for all 𝑝 ≥ 1: 

𝜎𝑇𝐴𝜎 −  𝔼 𝜎𝑇𝐴𝜎
𝑝
≼ 𝑝 𝐴

𝐹
+ 𝑝 ||𝐴|| 

• Recall: 

– 𝐴
𝐹
=  𝑎𝑖𝑗

2
𝑖𝑗 = 𝑇𝑟(𝐴

𝑇𝐴) 

– 𝐴 = sup
𝑣≠0

𝐴𝑣
2

𝑣
2

 



Hanson-Wright Inequality 

• For 𝜎1, … , 𝜎𝑛 independent Rademachers and 𝐴 ∈  ℝ𝑛×𝑛 
real and symmetric for all 𝑝 ≥ 1: 

𝜎𝑇𝐴𝜎 −  𝔼 𝜎𝑇𝐴𝜎
𝑝
≼ 𝑝 𝐴

𝐹
+ 𝑝 ||𝐴|| 

𝜎𝑇𝐴𝜎 −  𝔼 𝜎𝑇𝐴𝜎
𝑝
≼ 𝜎𝑇𝐴𝜎′

𝑝
 (decoupling) 

≼ 𝑝 𝐴𝜎
2
𝑝

 (Khintchine) 

= 𝑝 𝐴𝜎
2

2

𝑝/2

1

2
 

≤ 𝑝 𝐴𝜎
2

2

𝑝

1

2
 (monotonicity of norms) 

 



Hanson-Wright (continued) 

𝑝 𝐴𝜎
2
𝑝

≤ ⋯ ≤ 𝑝 𝐴𝜎
2

2

𝑝

1
2

 

≤ 𝑝 𝔼 𝐴𝜎
2

2
+ 𝐴𝜎

2

2
−  𝔼 𝐴𝜎

2

2

𝑝

1

2

 (triangle ineq.) 

= 𝑝 𝐴
𝐹

2
+ 𝐴𝜎

2

2
−  𝔼 𝐴𝜎

2

2

𝑝

1
2

 

≤ 𝑝 𝐴
𝐹
+ 𝑝 𝐴𝜎

2

2
−  𝔼 𝐴𝜎

2

2

𝑝

1
2

 

≼ 𝑝 𝐴
𝐹
+ 𝑝 𝜎𝑇𝐴𝑇𝐴𝜎′

𝑝

1

2   (decoupling) 

≼ 𝑝 𝐴
𝐹
+ 𝑝
3

4  || 𝐴𝑇𝐴𝜎 |2| 𝑝
1/2

 (Khintchine) 

≼ 𝑝 𝐴
𝐹
+ 𝑝
3
4 𝐴

1
2 | 𝐴𝑥

2
|  𝑝

1
2    



Hanson-Wright (continued) 

𝑝 𝐴𝜎
2
𝑝

≼ 𝑝 𝐴
𝐹
+ 𝑝
3
4 𝐴

1
2 | 𝐴𝜎

2
|
𝑝

1
2

 

Let E = | 𝐴𝑥
2
|
𝑝

1

2
  then 𝐸2 − 𝐶𝑝

1

4 𝐴
1

2
 
𝐸 − 𝐶 𝐴

𝐹
≤ 0 

• E ≤ larger root of the quadratic equation above 

• 𝐸2 ≤ 𝑝 𝐴
𝐹
+ 𝑝 ||𝐴|| 

• (Hanson-Wright) For 𝜎1, … , 𝜎𝑛 independent 
Rademachers and 𝐴 ∈  ℝ𝑛×𝑛 real and symmetric for all 
𝑝 ≥ 1: 

𝜎𝑇𝐴𝜎 −  𝔼 𝜎𝑇𝐴𝜎
𝑝
≼ 𝑝 𝐴

𝐹
+ 𝑝 ||𝐴|| 

 



Recap 

• For a random variable 𝑿 and p ≥  1 let: 

𝑿
𝑝
= 𝔼 𝑋𝑝 1/𝑝 

• [Khintchine]For 𝑝 ≥ 1, 𝑥 ∈  ℝ𝑛 and 𝜎𝑖 i.i.d. Rademachers: 

 𝜎𝑖𝑥𝑖𝑖 𝑝
≼ 𝑝 𝑥

2
   

• [Symmetrization]: If 𝑍1, … , 𝑍𝑛 are independent and 𝜎𝑖 are 
i.i.d. Rademachers:  

 𝑍𝑖
𝑖

− 𝔼 𝑍𝑖
𝑖

𝑝

≤ 2  𝜎𝑖𝑍𝑖
𝑖

𝑝

 

• [Hanson-Wright]For 𝜎1, … , 𝜎𝑛 independent Rademachers 
and 𝐴 ∈  ℝ𝑛×𝑛 real and symmetric for all 𝑝 ≥ 1: 

𝜎𝑇𝐴𝜎 −  𝔼 𝜎𝑇𝐴𝜎
𝑝
≼ 𝑝 𝐴

𝐹
+ 𝑝 ||𝐴|| 

 
 



Bernstein Inequality 

• Let 𝑋1, … , 𝑋𝑛 be indep. r.v’s such that |Xi| ≤ 𝐾 almost surely 
and 𝔼  𝑋𝑖

2
𝑖 ≤ 𝜎2. For all 𝑝 ≥ 1:   

 𝑋𝑖
𝑖

− 𝔼 𝑋𝑖

𝑝

≼ 𝜎 𝑝 + 𝐾𝑝 

 𝑋𝑖 −𝑖 𝔼 𝑋𝑖 𝑝 ≤ 2
 𝜎𝑖𝑋𝑖𝑖 𝑝

 (symmetrization) 

≼ 𝑝||( 𝑋𝑖
2)𝑖

1

2 ||𝑝 (Khintchine) 

= 𝑝 ||  𝑋𝑖
2

𝑖 ||𝑝
2

1

2   

≤ 𝜎 𝑝 + 𝑝  𝑋𝑖
2

𝑖 − 𝔼 𝑋𝑖
2

𝑝

1/2
  (triangle inequality) 



Bernstein Inequality (cont.) 
 𝑋𝑖 −𝑖 𝔼 𝑋𝑖 𝑝 ≤ … ≼ 𝑝||( 𝑋𝑖

2)𝑖

1

2 ||𝑝 

≤ 𝜎 𝑝 + 𝑝  𝑋𝑖
2

𝑖

− 𝔼 𝑋𝑖
2

𝑝

1
2

 

≤ 𝜎 𝑝 + 𝑝  𝜎𝑖𝑋𝑖
2

𝑖
𝑝

1

2
  (symmetrization)  

≼ 𝜎 𝑝 + 𝑝
3

4  𝑋𝑖
4 1/2

𝑖
𝑝

1

2
 (Khintchine) 

≤ 𝜎 𝑝 + 𝑝
3
4 𝐾  𝑋𝑖

2 1/2

𝑖
𝑝

1
2

 

 



Bernstein Inequality (cont.) 

• Let 𝐸 = ||( 𝑋𝑖
2)𝑖

1

2 ||𝑝 then for some 𝐶 > 0: 

𝐸2 − 𝐶𝑝
1
4 𝐾𝐸 − 𝐶𝜎 ≤ 0 

• 𝐸 ≥ larger root of this quadratic equation 

• 𝐸 ≼ 𝜎 𝑝 + 𝐾𝑝 
• [Bernstein] Let 𝑋1, … , 𝑋𝑛 be indep. r.v’s such that 
|Xi| ≤ 𝐾 almost surely and 𝔼  𝑖 𝑋𝑖

2 ≤ 𝜎2. For 
all 𝑝 ≥ 1:   

 𝑋𝑖
𝑖

− 𝔼 𝑋𝑖

𝑝

≼ 𝜎 𝑝 + 𝐾𝑝 

 



Sparse Johnson-Lindenstrauss 
Transform 

• Let Π ∈ ℝ𝑚×𝑛 be a JL-matrix where 

m = 𝑂
1

𝜖2
log
1

𝛿
 which satisfies for 𝑥

2
=

1: 

 Pr
Π
Π𝑥
2

2
− 1 ≥ 𝜖 ≤ 𝛿 

• Takes O 𝑚 𝑥
0

 time to compute JL  

• Would be O 𝑠 𝑥
0

 time Π only had 𝑠 non-

zero entries per column 

 



Basic Sparse JL Transform 

• Pick 2-wise indep. hash function 𝑕 ∶ 𝑛 → 𝑚  

• Pick 4-wise indep. hash function 𝜎 ∶ 𝑛 → *−1,1+ 

• For each 𝑖 ∈ ,𝑛- let Πℎ 𝑖 ,𝑖 = 𝜎 𝑖 , the rest are 0 

• [Thorup, Zhang’12]: This is JL if 𝑚 ≽
1

𝜖2𝛿
 

• Best possible since 𝑠 = 1 

• Analysis: standard expectation/variance using 
bounded independence + Chebyshev 

• To improve 𝑚 let’s use Hanson-Wright (higher 
moment than Chebyshev’s second) 

 



Sparse JL Transform: Construction 

• Πr,i = 𝜂𝑟,𝑖𝜎𝑟,𝑖/ 𝑠,  where 𝜂𝑖 are Bernoullis and 𝜎𝑖 
are Rademachers 

• For all 𝑟, 𝑖: 𝔼 𝜂𝑟,𝑖 =
𝑠

𝑚
 

• For all 𝑖:  𝜂𝑟,𝑖 = 𝑠𝑖  (𝑠 non-zeros per column) 

•  𝜂𝑟,𝑖 are negatively correlated: 

𝔼  𝜂𝑟,𝑖
𝑟,𝑖 ∈𝑆

≤  𝔼 𝜂𝑟,𝑖
𝑟,𝑖 ∈𝑆

=
𝑠

𝑚

𝑆

 

• Each column chosen uniformly from 
Binom 𝑚 , 𝑠  columns of weight 𝑠 works here 



Sparse JL Transform: Analysis 

Thm [KN’14]: If 𝑚 = 𝑂
1

𝜖2
log
1

𝛿
 and 𝑠 ≈ 𝜖𝑚: 

∀𝑥: 𝑥
2
= 1, Pr

Π
Π𝑥
2

2
− 1 ≥ 𝜖 ≤ 𝛿 

• 𝑍 = Π𝑥
2

2
− 1 = 

1

𝑠
  𝜂𝑟,𝑖
𝑖≠𝑗

𝜂𝑟,𝑗𝜎𝑟,𝑖𝜎𝑟,𝑗𝑥𝑖𝑥𝑗

𝑚

𝑟=1

≡ 𝜎𝑇𝐴𝑥,𝜂 𝜎  

• 𝐴𝑥,𝜂 is a block-diagonal matrix with 𝑚 blocks where 𝑟-th block is 
1

𝑠
 𝑥 𝑟 𝑥 𝑟

𝑇
but with zeros on the diagonal 

• 𝑥 𝑟  is a vector with entries 𝑥𝑖
𝑟
= 𝜂𝑟,𝑖𝑥𝑖 

• By Hanson-Wright: 𝑍
𝑝
≤ 𝑝 𝐴𝑥,𝜂

𝐹
+ 𝑝 𝐴𝑥,𝜂

𝑝

 

≤ 𝑝 || 𝐴𝑥,𝜂
𝐹
||𝑝  + 𝑝 || 𝐴𝑥,𝜂  ||𝑝  

 



Sparse JL Transform: Analysis 

• (Operator norm) Since 𝐴𝑥,𝜂 is block-diagonal 

||𝐴𝑥,𝜂|| is the largest norm of any block 

• Eigenvalues in the 𝑟-th block are at most 

2

𝑠
max 𝑥 𝑟

2

2
, 𝑥 𝑟

∞

2
≤
2

𝑠
  

• 𝐴𝑥,𝜂 ≤
2

𝑠
  



Sparse JL Transform: Analysis 
• Define 𝑄𝑖,𝑗 =  𝜂𝑟,𝑖

𝑚
𝑟=1 𝜂𝑟,𝑗   so that: 

𝐴𝑥,𝜂
𝐹

2
= 1/𝑠2 𝑥𝑖

2𝑥𝑗
2𝑄𝑖,𝑗

𝑖≠𝑗

 

• Lemma: If 𝑝 ≈ 𝑠2/𝑚 then ∀𝑖, 𝑗 𝑄𝑖,𝑗
𝑝
≼ 𝑝 

• || 𝐴𝑥,𝜂
𝐹
|𝑝 = || 𝐴𝑥,𝜂

𝐹

2
|
1

2
𝑝 

≤
1

𝑠2
 𝑥𝑖
2𝑥𝑗
2 𝑄𝑖,𝑗

𝑖≠𝑗
𝑝

1
2

 

≤
1

𝑠
 𝑥𝑖

2𝑥𝑗
2  𝑄𝑖,𝑗

𝑝
 𝑖≠𝑗

1/2

 (triangle ineq.) 

≤ 1/ 𝑚 



Sparse JL Transform: Analysis 

• By Markov (𝑚 = 𝑂
1

𝜖2
log 1/𝛿 , 𝑠 ≈ 𝜖𝑚, 𝑝 ≈

𝑠2

𝑚
):  

Pr, Π𝑥
2

2
− 1 > 𝜖- =  

Pr 𝜎𝑇𝐴𝑥,𝜂𝜎
𝑝
> 𝜖𝑝 ≤ 

𝜖−𝑝𝔼, 𝜎𝑇𝐴𝑥,𝜂𝜎
𝑝
- (Markov) 

≤ 𝜖−𝑝𝐶𝑝  
𝑝

𝑚
+
𝑝

𝑠

𝑝

= 𝜖−𝑝𝐶𝑝 𝜖 + 𝜖 𝑝 ≤ 𝛿   

 

 



Sparse JL Transform: Analysis 

• Lemma: If 𝑝 ≈ 𝑠2/𝑚 then ∀𝑖, 𝑗 𝑄𝑖,𝑗
𝑝
≼ 𝑝 

• Suppose 𝜂𝑎1,𝑖 , … , 𝜂𝑎𝑠,𝑖  are all 1 where 𝑎1 < ⋯ < 𝑎𝑠.  

• Note that 𝑄𝑖𝑗 =  𝑌𝑡
𝑠
𝑡=1  where 𝑡 is an indicator r.v. for the 

event 𝜂𝑎𝑡,𝑗 = 1. 

• 𝑌𝑡’s are not indep. but negatively correlated ⇒ p-th 
moment at most p-th moments of i.i.d. Bernoullis with 
expectation 

𝑠

𝑚
  (expand  𝑌𝑡𝑡

𝑝 and compare term by 
term) 

• By Bernstein inequality: 

𝑄𝑖𝑗
𝑝
=  𝑌𝑡𝑡 ≼

𝑠2

𝑚
𝑝 + 𝑝 ≈ 𝑝  



FFT-based Fast JL-Transform 

• [Ailon, Chazelle’09] Running time 𝑂(𝑛 log 𝑛) 

• Define Π ∈ ℝ𝑚×𝑛 as Π =
1

𝑚
S H D 

• 𝑆 = m × 𝑛 sampling matrix (with replacement) 

• 𝐻 = unnormalized bounded orthonormal system, 
i.e. H ∈ ℝ𝑛×𝑛; 𝐻𝑇𝐻 = 𝐼;max

𝑖,𝑗
 𝐻𝑖,𝑗 ≤ 1 

• 𝐷 = 𝑑𝑖𝑎𝑔(𝛼) for (𝛼1, … , 𝛼𝑛) i.i.d. Rademachers  

• If 𝐻 = Hadamard matrix ⇒ 𝑂(𝑛 log 𝑛) time to 
compute Πx 



FFT-based Fast JL-Transform 

• Change 𝑆 to 𝑆𝜂 = 𝑑𝑖𝑎𝑔(𝜂1, … , 𝜂𝑛) where 𝜂𝑖 are 
Bernoullis with expectation 𝔼 𝜂𝑖 = 𝑚/𝑛 

•  [CNW’15] If Π =
1

𝑚
𝑆𝜂𝐻𝐷, 𝑚 ≽ 𝜖

−2 log
1

𝛿
log
1

𝜖𝛿
∶ 

∀𝑥: 𝑥
2
= 1, Pr

Π
Π𝑥
2

2
− 1 ≥ 𝜖 ≤ 𝛿 

• Let 𝑧 = 𝐻𝐷𝑥 so Π𝑥
2

2
=
1

𝑚
 𝜂𝑖𝑧𝑖

2
𝑖  

• Will show that 
1

𝑚
 𝜂𝑖𝑧𝑖

2𝑛
𝑖=1 − 1

𝑝
 is small 

 



FFT-based Fast JL-Transform 

1

𝑚
 𝜂𝑖𝑧𝑖

2

𝑛

𝑖=1

− 1

𝑝

≤
2

𝑚
 𝜎𝑖𝜂𝑖𝑧𝑖

2

𝑖
𝑝

symmetrization  

≼
𝑝

𝑚
 𝜂𝑖𝑧𝑖

4
𝑖

1/2

𝑝
 (Khintchine) 

≤
𝑝

𝑚
(max
𝑖
𝜂𝑖|𝑧𝑖|)  𝜂𝑖𝑧𝑖

2

𝑖

1
2

𝑝

 

≤
𝑝

𝑚
max
𝑖
𝜂𝑖𝑧𝑖
2

𝑝

1
2

 𝜂𝑖𝑧𝑖
2

𝑖
𝑝

1/2

 

≤
𝑝

𝑚
max
𝑖
𝜂𝑖𝑧𝑖
2

𝑝

1

2 1

𝑚
 𝜂𝑖𝑧𝑖

2𝑛
𝑖=1 − 1

𝑝

1

2
+ 1  (triangle inequality) 

 
 
 
 
 
 
 
 
 
 



FFT-based Fast JL-Transform 

max
𝑖
𝜂𝑖𝑧𝑖
2

𝑝

1

2

≤ max
𝑖
𝜂𝑖𝑧𝑖
2

𝑞

1

2

 for 𝑞 = max (𝑝, log𝑚) 

max
𝑖
𝜂𝑖𝑧𝑖
2

𝑞

1

2

= 𝔼𝛼,𝜂 max
𝑖
𝜂𝑖𝑧𝑖
2𝑞 1/𝑞
≤ 𝔼𝛼,𝜂  𝜂𝑖𝑧𝑖

2𝑞
𝑖

1

𝑞 = 

 𝔼𝛼,𝜂,𝜂𝑖𝑧𝑖
2𝑞
-𝑖

1

𝑞 ≤ (𝑛 max
𝑖
𝔼𝛼,𝜂 𝜂𝑖𝑧𝑖

2𝑞
)
1

𝑞 

= (𝑛 max
𝑖
𝔼𝜂 𝜂𝑖 𝔼𝛼,𝑧𝑖

2𝑞
-)
1
𝑞 = (𝑚 max

𝑖
 𝔼𝛼,𝑧𝑖

2𝑞
-)
1
𝑞 

≤ 2max
𝑖
𝑧𝑖
2

𝑞
 (𝑚
1

𝑞 ≤ 2 by choice of 𝑞) 

= 2max𝑖 𝑧𝑖 2𝑞
2
≼ 𝑞  (Khintchine)   

 



FFT-based Fast JL-Transform 

• Let 𝐸 =
1

𝑚
 𝜂𝑖𝑧𝑖

2𝑛
𝑖=1 − 1

𝑝

1

2
 

• 𝐸2 − 𝐶
𝑝𝑞

𝑚
𝐸 − 𝐶

𝑝𝑞

𝑚
≤ 0 

• 𝐸2 ≤ max
𝑝𝑞

𝑚
,
𝑝𝑞

𝑚
 

• Markov: Pr
Π
Π𝑥
2

2
− 1 ≥ 𝜖 ≤ 𝜖−𝑝𝐸2𝑝 ≤ 𝛿 

• 𝑝 = log 1/𝛿 and 𝑚 ≽
1

𝜖2
log
1

𝛿
log
𝑚

𝛿
 

 


