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Gaussian Annulus Theorem

* Gaussian in d dimensions (N4(04, 1)):
_d _Z%+222+---+Zczl
Prix = (z4,...,2z5)] = (2m) 2 e 2

Nearly all mass in annulus of radius vd and width 0(1):

o Thm. Forany 8 < +/d all but 3¢~ P’ probability mass
satisfies Vd — ff < x| ‘2 <+/d + f for constant ¢




Nearest Neighbors and Random Projections

* Given a database 4 of n points in R4
— Preprocess A into a small data structure D
— Should answer following queries fast:

Given g € R? find closest x € A: argmin,c4 ||q B x”z

* Project each x € 4 onto f(x), where f: R4 - Rk
* Pick k vectors uy, ..., uy i.i.d: u; ~ Nd(Od, 1)

f(v) — ((ul,v), ery (uk; 'U))
» Will show that w.h.p. |[f ()|, = VE||v]|,

Return: argmianAllf(q) - f(x)||2 = argmianAllf(q — x)||2 ~
VEk argminge,|lq — xl|,




Random Projection Theorem

* Pick k vectors uq, ..., uy i.i.d: u; ~ Nd(Od, 1)
f(v) — ((“1,17), T’ (llk, 'U))
+ Will show that w.h.p. ||[f ()|, = VK||v||,

Thm. Fix v € R? then 3¢ > 0: for € € (0,1):

[|\|f<v>|\ ~VH|vl],| = eVE|ivl], | < 3 e=
ul~Nd(O

* Scaling: Hvl‘ =1

* Key fact: (u;, v) = 1uuv] ~N (O, Hvllz) = N(0,1)

* Apply “Gaussian Annulus Theorem” with k = d




Nearest Neighbors and Random Projections

Thm. Fix v € RY then 3¢ > 0: for € € (0,1):
[|\|f<v)|\ | = eVE|Iw, | < 3 e

ul~Nd(O

Return: argmine,|lf (@) — F(OI|, ~ VE argmine,|lq — x|,

* Fixandletv = q — x; forx; € Aand letk = 0 (YI(E)?")

(1 £ eVEk|lq — x|, = |If (@) = f(®)I], (prob. 1 —n7")
* Union bound:
For fixed q distances to A preserved with prob. 1 — n~¥*1




Separating Gaussians

One-dimensional mixture of Gaussians:
p(x) = wip1(x) + wypy (x)

E.g. modeling heights of men/women

Parameter estimation problem:

— Given samples from a mixture of Gaussians
— Q: Estimate means and (co)-variances

Sample origin problem:
— Given samples from well-separated Gaussians
— Q: Did they come from the same Gaussian?



Separating Gaussians

* Gaussian in d dimensions (N4(04, 1)):
_d _Z%+222+---+Zczl
Prix = (z4,...,2z5)] = (2m) 2 e 2

Nearly all mass in annulus of radius vd and width 0(1):
e Almostallmassinaslab{x| —c < x; <c}forc=0(1)

* Pick x ~Gaussian and rotate coordinates to make it x;
* Pick y ~Gaussian, w.h.p. projection of yon xis € [—c, C]

e = I, ~ Il + |yl




Separating Gaussians

In coordinates:

« x =(Wd+0(1),0,0, ...,
e y=(+0(1),Vd +0(1),0,...,0)

+ 0(/d)

* W.h.p: ||x —yI|Z = 2d

0)




Separating Gaussians

Two spherical unit variance Gaussians centered at p, q
0 = “p _ ql ‘2

(x~N( 1),y ~N(q1))
x = (vd £ 0(1),0,0,0 ..., 0)

y = (+0(1),56 + 0(1),Vd + 0(1),0, ...,0)
2
lx—yl|, =6 +2di10(\/3)
z 2d

] Y
V02 + 2d /
p )

q




Separating Gaussians

e Same Gaussian:

1x = yl|, = 2d + 0(Vd)

e Different Gaussians:

Hx—yl‘z = 6% +2d + 0(Vd)
* Separation requires:
2d + 0(Vd) < 52 +2d + 0(Vd)
o(Vd) < §2
w(dV*) < §



Fitting Spherical Gaussian to Data

* Given samples xq, X9, ..., Xp,

* Q: What are parameters of best fit N(u, 0)?

Prix; = (zq4, ..., 24)]
d  (M1-29)% +(U2—23)%++(Ua—2y)*

— (27‘[)_5 e_ 2
d|lp—z||3
— (27‘[) 2 e 2
Pr[x1 — Z1,X92 = Z9, ..., X = Zn]
dn _llp—zq|5+|lp—2z2|15+ -+ Iu—24]15

— (27‘[)_7 e 2072



Maximum Likelihood Estimator

2 2 2
dn _le—z1lly+He—zal++l|r—z4ll,

PDF: (27) "2 e 202

MLE for pris pt = = (a1 + X + - + Xxy,)

Take gradient w.r.t g and make it = 0

2
Vy [l = x|, =2(u—x)
2(u—x1)+2(—x2) ++2(—x,) =0



MLE for Variance

a=|lpg—2q|15+ [t — 22|15 + -+ ||t — x4]]5
v=1/20"

e—av

2 n
d e_v“x”de]

PDF:

fxER
2

Log(PDF): —av — nln [fxERd e_V“x”z dx

Differentiate w.r.t. v and set derivative = (



MLE for Variance

Log(PDF): —av — nln [fxERd e IIxl

d
— Log(PDF):

2
2 dx

2 -v|lxll;
fxeRdlleZ © 2dx

—a+n 5
fxeRd e—V||x||2dx
2
y = Hvxl‘zz
2 —y?

n ayce dx n d
_a_l__xER — =_a+_x§=0
fxERd e Y dx 1%

V=" MLE(o)= = = sample standard deviation

2072 nd



