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Geometry of High Dimensions

e Almost all volume near the surface:

— Take arbitrary body 4 € R?
— Shrinkto (1 —€)A = {(1 — e)x|x € A}
— Volume change:
volume((l — E)A)
volume(A4)
— Proof of =: partition into infinitesimal cubes

=(1—-e)l<e e



Today

 Geometry of High Dimensions (Sec 2.3 — 2.4)
—Volume is near the surface
—Volume of d-dimensional unit ball
— Most of the volume is near equator
—Near orthogonality of random vectors



Geometry of High Dimensions

* Let B; = unit d-dimensional ball

e At least 1 — e €4 fraction of its volume is in the
annulus of width €

1 .
ce =0 (E) : most of the volume in the annulus

Annulus of

— width




Volume of d-dimensional unit ball

* VV(d) = volume of d-dimensional unit ball
« S% = d-dimensional unit sphere

* In spherical coordinates:
— r = radius
— () = solid angle

1 1
V(id) = j rildr dQ = f dQJ ri=ldr
Qesd Jr=0 Qesd r=0

1 _ 1 1

. fr=0rd 1dr=5=>V(d)=E qega A ===
—Ford=2:A(d) =2n=V(d) =n
—Ford=3:A(d)=4n=>V(d)=%”



Volume of d-dimensional unit ball

» A(d) = [ cadQ =7
e I(d) = [T [T e it xD gy, . dx,

 In Cartesian coordinates:
d

+ 00
f e‘xzdx] = (Vm)4 =
* In spherical coordinates:
1(d) =J dQJ e T rd=ldy
Qesd 2r=0

=A(d)f e " rd-1gy
r=0

NIQ..

I(d) =




Volume of d-dimensional unit ball

+ 1(d) = A(d) [ e "ritdr

1
Let 2 = t (so dt = 2rdr = dr = —t 2dt)

=0

_1f°° - ge =2 (2
—2)_.° 2 \2

* I'(x) = Gamma-function (generalized factorial)
- T() = (x—DIx-1); T =T@2) =1 T(3) = V7
+ We have: I(d) = (V@) =22T(5) =
d d
: V(d) = 2=

ar(3)

00 —1‘2 d—1 00 —t E 1 _l
o [~ ertldr = [ e'tz (=t 2dt
r=0 2

2T

r(3)’

A(d) =




Volume of d-dimensional unit ball

d d
2

A(d) =22, V(d) = 2
F(g) ‘”(5)

d = 2

—A(Z)——)—Zn V(Z)—E:n

d = 3:

-V(@3) = i sl =Zn

3F(3/2) 3F(1/2) 3
73/2

r(3/2)
r (g) grows as a factorial of d: lim;_,,,V(d) = 0

—AQR)=Z=4g



Most of the volume is near equator

* X4 = arbitrary coordinate

1

* Most of the volume has |x;| = 0 (\/_H)

2
2 .
e Forc>1andd > 3 at Ieastl—; e 2 fraction

of the volume of the d-dimensional unit ball has

C
|9C1|S
d—1




Most of the volume is near equator

2
. 2 .
e Will show: < (— e 2 )-fractlon of volume of

ﬁ

c
d—1

hemisphere x; = 0 has x; =

C
° — ' ' > —
A = portion with x; = N

* H = entire upper hemisphere x; = 0
* Will show:

vol(A) _ upper bound vol(4) 4_\
vol(H) ~ lower bound vol(H) I Ve




Upper bound on vol(A)

vol(A): integrate volume of the disk of width dx; with face
= (d — 1)-dim. ball of radius /1 — xf

Surface area of the disk = (1 — xl) 2 V(d - 1)

vol(4) = [ (1 —xl) >V (d — 1) dx;

Vd-1
Use (1 —x) < e ™ and = j_l > 1:
= Vd -1 ;1
ol < [ | e T v - ax, = -
d-1

= V(d—l)\/?xdile_7 =V(d—-1)




Lower bound on vol(H)

Cc

vol(H) = volume of hemisphere with x; < —
vol(H) = volume of hemisphere with x; < d1—1
vol(H) = volume of cylinder with:

1
— Height: h = N
— Radius: R = \/1 —ﬁ
Volume of cylinder = h x V(d — 1)R%™1 =

d—1
1 \2 V(d-1)
V(id—1) (1 ——) >
d—1 d—1 2vd — 1

Last inequality since (1 —x)* > 1 — ax (fora = 1)



Putting things together

vol(A) _ upper bound vol(A)
vol(H) — lower bound vol(H)
2

Cc

e 2 2
Vid — 1 _&
— V(id — 1) c
2vd — 1

* Q: Why didn’t we use vol(H) = %V(d)?



Today:

~Sec2.4.2-2.7

* Near orthogonality of random vectors

* Sampling Uniform Distribution over By,

e Gaussian Annulus Theorem (concentration)

* Nearest neighbor search & random projections



Near orthogonality

Consider drawing n points x4, ..., x,, at random
from the unit d-dimensional ball

Thm: With probability 1 — 0(1/n):

_ 2Inn
—Foralll:||xi||221 d
_ _ vélnn

—Fora||l-7&]:‘<xi»xj>| = d -1

_ 2 1n Zlnnd 1
PI‘_“xi”2<1 ]<e Tw

] l 61nn _
Pr|[(x;, x;)] >@] = ole™=7) 5 o)

+ Union bound (over n vectors and O(n?) pairs)



Sphere vs. cube in 2, 4, d dimensions

Nearly all the volume
%4 Vertex of hypercube



Sampling Uniform Distribution over B

* How to sample uniformly from a unit ball?

* Sample uniformly from a unit cube
— Output the sample if inside B
— Repeat if outside B

* Number of repetitions to output a sample?



Normal Distribution

* Normal distribution N(0,1)
— Range: (—o0, +0)

x2

1
— Density: u(x) = (2m) ze 2
— Mean =0, Variance =1
e Basic facts:

— If X and Y are independent r.v. with normal
distribution then X 4+ Y has normal distribution

—Var[cX] = c*Var[X]
— If X, Y are independent, then:
Var|X + Y] = Var|X] + Varl[Y]



Sampling Uniform Distribution over B

* Sample x4, x5 ..., xg4i.i.d with x; ~ N(0,1)

1 z2

* Prlx; =z] =(2n) 2ze >

2,2 2
d Z1+Z2++Zd

° Pr[x — (le 3 Zd)] — (277:)_5 e ’
~ U(S4), how to make it U(By)?

IIxII
* Scaleby p € [0,1]: U(By) = IIxII for p(r) = dr?-
V(d) = [, A(d)r?tdr= 1= fl% =14y

Q’



Gaussian Annulus Theorem

* Gaussian in d dimensions (N4(04, 1)):
_d _Z%+222+---+Zczl
Prix = (z4,...,2z5)] = (2m) 2 e 2

Nearly all mass in annulus of radius vd and width 0(1):

o Thm. Forany 8 < +/d all but 3¢~ P’ probability mass
satisfies Vd — ff < x| ‘2 <+/d + f for constant ¢

* Proof: Lety = (y;,..,v4) ~ Ng(0%4,1) and r = “)’”2

— |r —\/El > B o |rt —d| 23(r+\/a)2ﬁ\/a
— Will bound Pr[l’r2 —d| = ﬁ\/a]



Gaussians in High Dimension

Will bound Pr[lr2 —d| = ﬁ\/a]

r?—d= (yl—l) + -+ (ya—1)

Let x; = yl — 1, bound Pr[|Zl 1xl| = ﬁ\/a]
E[x;] = E|yf|—-1=0

Fix an integers > 1

— For |y;] < 1wehave |x;|* <1
— For |y;| = 1 we have |x;|° < |y;]%®

IE[x{]] < E[|x;|°] < E[1 + y? ]—1+IE[y ]

1+ E[y?] =142/ [ y* ‘_dy<zss'




Gaussians in High Dimension

Let z = Y.I* , z; where z; are i.i.d rvs: E[z;] = 0 and Var[z;] < o

Thm 12.5.Ifa € [O, \/inaz] and a?/(4noc?) < s < no?/2,

sis an even integer and |E[z]]| < o?r!forallr =34, ..,s
B, _ )

a
ﬁ Pr Zzi > a| < 3e 12n0?

=1

e Takea = fVd, n = d, scale x; = w; =%
o |E[x7]] < 25s! = |E[wf]] < s!

* E[x;] =0 = Var|w;] = %Var[xi] = iIE[xiz S—=2= o

1

2

Pr x;| = pVd| < 3eF
L l

E

Il
[N




