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Singular Value Decomposition: Intro

n X d data matrix A (n rows and d columns)
Each row is a d-dimensional vector

Find best-fit k-dim. subspace S;, for rows of A?
Minimize sum of squared distances from A; to 5,



SVD: Greedy Strategy

* Find best fit 1-dimensional line
* Repeat k times

* When k =r = rank(A) we get the SVD:
A=UDV?!

D VT
rXrT r X d

n % d nxr




A = UDV' : Basic Properties

* D = Diagonal matrix (positive real entries d;;)

e U, V:orthonormal columns:
— V4, ...,V € R? (best fitting lines)
— U4, ..., U, € R™ (~projections of rows of 4 on v;s)
—(u, u;) = 65, (v, v;) = 65

+ A =3, dyuv; oo |

rXr rXd

n % d nxr




Singular Values vs. Eigenvalues

* If A is asquare matrix:
— Vector v such that Av = Av is an eigenvector
— A = eigenvalue
— For symmetric real matrices v’s are orthonormal
A=VDyT
— V's columns are eigenvectors of A
— Diagonal entries of D are eigenvalues A4, ..., 1,

e SVD is defined for all matrices (not just square)
— Orthogonality of singular vectors is automatic
Av; = d;u; and ATu; = d;;v; (will show)
AT Av; = d%v; > vis are eigenvectors of ATA



Projections and Distances

* Minimizing distance = maximizing projection

2
HJ\CH2 = (projection)? + (distance to line)?




SVD: First Singular Vector

Find best fit 1-dimensional line

v = unit vector along the best fit line

a;=i-th row of 4, length of its projection: |{a;, v)|
2

Sum of squared projection lengths: HAvHZ

First singular vector:

v, = arg max ||Av||
=12

If there are ties, break arbitrarily

0.(A4) = HAvl | |2is the first singular value



SVD: Greedy Construction

Find best fit 1-dimensional line, repeat r times
(until projection is 0)

Second singular vector and value:

v, = arg max |Av|‘
vJ_v1,||v||2=1 2

0,(A4) = Hszl )

k-th singular vector and value:

v, = arg max HAvH
vlvl,...vk_1,||v||2=1 2

ox(A) = “Avk”z
Will show: (v, V5, ..., Dy ) is best-fit subspace




Best-Fit Subspace Proof: k = 2

W = best-fit 2-dimensional subspace

2 2
Orthonormal basis (w{,w,) : HAlez + HAWZH2

Key observation: choose w, 1 v,

— If W 1 v, then any vector in W works

— Otherwise v, = v|1| + vy for v”

= projection on W

— Choose w, 1 v;
(Wy, v1) = (W, V) ol 4 vi) = (wy, V) + (Wa, v1) = 0

HAlez < HAlez and HAWZHZ < HszHi
[1Aw, 1| + |l Aw, || < (14w, ]| + |14v, ]|



Best-Fit Subspace Proof: General k

W = best-fit k-dimensional subspace

¢ Vi_1 =span(vy, ..., Vj_1) best fit (k-1)-
dimensional subspace

* Orthonormal basis wy, ..., w;, wherew;, L V,,_4

k—1 k-1
2 2
Z\|Awi||2 < Elmvinz

c w, LV,_ 1:>bydef OkallAWk” ||Avk||§

ZHAwlll ZHAle



Singular Values and Frobenius Norm

* V4, ..,V span the space of all rows of A
* {(a;,v)=0forallv Lvy,.., v, >

Ha]” z(a],vl)z
55 oS S5

j=1k j=1i=
=1 2i-i{a;, v;)* = 77—1“14171'” = Yi-10{ (4)

\/Z}" 1Zk " ]k = HAI‘ (Frobenius norm) = \/Zl L0 (4)



Singular Value Decomposition

* V4, ..., V, are right singular vectors

IAviH2 = 0;(A) are singular values

Av; .
° U4,..., U, fOru; = — are left singular vectors
1 r . F10)

-i
*

r X d

n % d nxr




Singular Value Decomposition

. T
Will prove that A = ),/_, o;u;v;
Lem. A = B iff Vv: Av = Bv
Tor _
i=1 O WV V; = oju; = Av;
v = linear combination of v]'-s + orthogonal

Duplicate singular values = singular values are
not unique, but always can choose orthogonal



Best rank-k Approximation

+ Ay =Nz ouv]
* A, =best rank-k approx. in Frobenius norm
* Lem: rows of A, = projections on span(vy, ..., V)
— Projection of a; = Y& (a;, v;)v!
— Projections of A: Y5, Av;vT = Y5 oyu; vl = A,
* For any matrix B of rank < k (convergence of greedy)
1A - A4l < [IA-BI|,

* Recall: if v; are orthonormal basis for column space:

2
||A||F = Z}?zlzi-‘zl(a-,vi)z = maximum for projections



Rank-k Approximation and Similarity

* Database A: n X d matrix (document X term)

* Preprocess to answer similarity queries:

— Query x € R? = new document
— Output: Ax € R™ = vector of similarities
— Naive approach takes O (nd) time

* If we construct 4, = le aiuiviT first
—Ax = Y5 ou;(w! x) = 0(kd + nk) time

— Error: |max H(A —Ak)xl‘ = H(A _Ak)”z

|x||251

— |14 _Ak)”z = 01(A — Ay) = 0y41(4)



Left Singular Values and Spectral Norm

See Section 3.6 for proofs

* Left singular vectors u4, ..., u; or orthogonal
+ |14 = A, = 04y

* For any rank < k matrix B
14— Ail|, < |lA-BI|,

* Avi = diiui and ATul- = diivi




Power Method

e B=ATAisad x d matrix

* B = (Z€=1 UiuiviT)T(ZLl aiuiviT) -

r r
= (Z aivl-uiT) z ou;v; | =

i=1 j=1
r r

T T _ 2. T

z aiajvi(ul- u]-) v, = z o V;V;j
i,j=1 i=1

(Zl 10-va) (Z =1 0j v] ]) Zl 10' ‘U‘U

. Bk— =1 O kvv = if 07 > 0, take scaled 15 row



Faster Power Method

PM drawback: AT A is dense even for sparse A

Pick random Gaussian x and compute B*x

X = d 1 Civi(augment v;’s to o.n.b. if r < d)

Bx ~ (ot v,v]) (XL, civ;) = offcivy
B x = (ATA)(ATA) ... (ATA)x

Theorem: If x is unit Rd-vector, IxTv1| => 0:
— V = subspace spanned by v;s for g; = (1 — €)o;

1

) iterations of PM
€d

— W = unit vector after k = z—ln(

— w has a component at most € orthogonal to V




Faster Power Method: Analysis

« A=Y"_ouv andx =YL, c;v;

» Bfx =3 o vl Y5, vy = T, o v,

2
d

o2 e || = z oK c2 > g2 > ghk a2
=1 =1
2

e (Squared ) component orthogonal to V is
d d

2 o2 < (1 — &)k gk Z ¢ < (1— )tk

iI=m+1 iI=m+1
» Componentofw LV < (1—¢e)?f/6<¢€

'M&

5+, =
2




Choice of x

y random spherical Gaussian with unit variance

y .
Iyl],

x:

11 1

Pr|laxTv| < < — 4 3e~d/64
x| 20/d| ~ 10

Pr ”Iyl‘2 = 2\/3 < 3¢~d/64 (Gaussian Annulus)

y'v ~ N(0,1) = Pr “yT H — <1_o

1

Canset 6 = AL the “faster power method




Singular Vectors and Eigenvectors

Right singular vectors are eigenvectors of AT A

o are eigenvalues of ATA

Left singular vectors are eigenvectors of AA”
AT A satisfies Vx: x'Bx > 0

-B =3Y,0fvv;

—vx: xTvw] x = (xTv;)?=> 0

— Such matrices are called positive semi-definite

Any p.s.d matrix can be decomposed as AT A



